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1Introduction
$p$ , $B$ $G$ $\mu \mathrm{b}\mathrm{l}\mathrm{o}\mathrm{c}\mathrm{k}$ Cartan $C=(\mathrm{q}.j)$ .
$k=k(B)$ $B$ , $l=l(B)$ Brauer . [1]
J. Brandt .
$(*)$ $k(B) \leq 1-l(B)+\dot{.}\sum_{=1}^{l(B)}$ .’.
[12] .





$\rho(B)$ $C$ Perron-Frobenius , [12] , P
, $k(B)\leq\rho(B)$ . $D$ $B$ defect group , P
$\rho(B)\leq|D|$ , $k(B)\leq\rho(B)$ ?
, Brauer $k(B)$- $k(B)\leq|D|$ ? .
[12] $(**)$ $k(B)\leq\rho(B)$ .
K\"ulshammer , $(**)$ $A$ positive definite quadratic form
, weakly itive integral form
. { $(**)$ ,
$k(B)\leq\rho(B)$ .
2 Integral quadratic forms
Definition 1 inte adratic form 2




. $q$ weakly ysitive $q(z)>0$ for all $z\in \mathrm{Z}^{l}$ with $z>0$
. $\leq$ $\mathrm{Z}^{l}$ $(x_{1}, \ldots,x\iota)\leq(y_{1}, \ldots,y\iota)$ $X:\leq y\dot{.}$ for all
$i=1,$ $\ldots,l$ . $(x_{1}, \ldots,x\iota)\leq(y_{1}, \ldots,y\iota)$ $(x_{1}, \ldots,x\iota)\neq(y_{1}, \ldots,y\iota)$
$(x_{1}, \ldots,x_{l})<(y_{1}, \ldots,y\iota)$
$\langle$ . $0\neq z\in \mathrm{Z}^{l}$ $q(z)>0$ $q$ $\mu sitive$
definite . .
Theorem A. Iaet $p$ be a prim number, and let $B$ be a $p$-bloek of $a$ finite gmuP $Gwi\theta\iota$
Cartan matrix $C=(ctj)$ . $M_{ol}\epsilon over$, let $q= \sum_{1\leq:\leq j\leq l(B)}q_{1j}.X.\cdot Xj$ be a weakly positive integral
quadratic form. Then
$k(B) \leq\sum_{1\leq:\leq \mathrm{j}\leq \mathrm{t}(B)}q_{j}.\cdot \mathrm{q}_{j}.$
.
In partictdar, $\dot{\iota}fq$ is a positive definite integral quadratic form then the inequality above
holds for the Cartan $matl\dot{\mathrm{a}}x$ uri\mbox{\boldmath $\theta$}\iota respect to an arbitrary basic set.
$P|vof$. $r=1,$ $\ldots,$ $k(B)$ $t=(d_{r1}, \ldots,dd(B))$ $B$ decomposition $D=(\mathit{4}_{\mathrm{j}}.)$
r .
$\sum_{1\leq\dot{\cdot}\leq j\leq l(B)}$
q C $=. \sum_{\lrcorner 1\leq|<\leq l(B)}.\sum_{r=1}^{k(B)}$ q ddd\sigma $= \sum_{r=1}^{k(B)}q(\mathit{4})\geq k(B)$ ,
.
$B$ basic set $S$ $C’,$ $D$ $B$ $S$ Cartan decom-
$\mathrm{p}\infty \mathrm{i}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ . $C’$ =D $\Pi$ $q$ positive definite $\Pi$ $d!_{r}$
$q(d_{r}’)>0$ .
3Positive defimite integral quadratic forms
positive definite integral quadratic form ( p.d.i.q.f. )
$\ovalbox{\tt\small REJECT}$
. . $A\iota$ Dynh.n ,
$q=. \cdot\sum_{=1}^{l}X^{2}.\cdot-.\sum_{1=1}^{l-1}X_{1}.X_{1+1}$.
quadratic form $q$ , $\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}$ A $(**)$ .
indec.omprable Dynkin diag $\mathrm{m}\mathrm{n}$ . integral
form $B,F,G$ .
110
$(B_{l})$ $k(B) \leq\dot{.}\sum_{=1}^{l-1}$ : $+2 \mathrm{q}_{l}-\dot{.}\sum_{=1}^{l-2}$ ,$\dot{.}+1-2cl-1l$
$(D_{l})$ $k(B) \leq.\cdot\sum_{=1}^{l}$ :-.\Sigma .$=24c_{1:}-. \sum_{\Leftarrow 4}^{l-1}$ ,.$\cdot+1$
$(E_{0})$ $k(B) \leq\dot{.}\sum_{=1}^{6}$ :-\Sigma l.$=14\mathrm{q}.,.\cdot+1-c_{36}$
(R) $k(B) \leq.\cdot\sum_{=1}^{7}$ :-\Sigma .$\cdot=15$ ,.$\cdot$$+1-c_{\epsilon\tau}$
(R) $k(B) \leq\dot{.}\sum_{=1}^{8}\mathrm{q}..\cdot-\dot{.}\sum_{=1}^{0}$ ,.$\cdot+1-c_{38}$
$(F_{4})$ $k(B)\leq c_{11}+$ +2 $+2c_{44}-c_{12}-2\mathrm{q}_{3}-2c_{34}$
$(G_{2})$ $k(B)\leq c_{11}+\ 2-3c_{12}$ .
$l=l(B)$ $B$ Brauer charaeter \emptyset . $l(B)=2$ block
$B$ 3 , .
$(A_{2})$ $k(B)\leq c_{11}+\infty-c_{12}$
$(B_{2})$ $k(B)\leq c_{11}+2\mathrm{q}_{2}-2c_{12}$
$(G_{2})$ $k(B)\leq c_{11}+3_{\Phi}-3c_{12}$ .
$(A_{2})$ $c_{12}<c_{22}$ , (G2) $c_{12}>(\mathrm{a}2$ . $p=2$
$S_{4}$ S .
Emmple 1.
$S_{4}$ : $C=(\begin{array}{ll}4 22 3\end{array})$ , $k(B)=5=4+3-2$
$S_{5}$ : $C=(\begin{array}{ll}8 44 3\end{array})$ , $k(B)=5=8+3\cdot 3-3\cdot 4$.
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4Sharpness
Definition 2. p.d.i.q.f. $q$ $k(B)=1 \leq:<.\leq l(B)\sum_{\lrcorner}q_{1}.j\text{ }j$ , pblock $B$
$\varphi \mathrm{s}\mathrm{h}\mathrm{a}r\mathrm{p}$ .
Exmple1 . $G,B,C=(c_{tj})$ , p-block,
Cartan , $\tilde{G},\tilde{B},\tilde{C}=(\tilde{\mathrm{q}}_{j}.)$ , ?bloc , Cartan .
$V\in \mathrm{M}\mathrm{a}\mathrm{t}(l,\mathrm{Z})$ unimodular , $\tilde{C}=V^{T}CV$ . (
$B$ $\tilde{B}$ Ridcard equivalent , perfectly isometric
(sae [2]). $q=. \sum_{1\leq\cdot\leq j\leq l}q_{j}.\cdot X.\cdot X_{j}$ p.d.i.q.f. , $Q$
$p|$ .
(i.e. $q(z)=zQz^{T}$ for $z\in \mathrm{Z}^{l}$). $\tilde{Q}:=V^{-1}Q(V^{-1})^{T}$ $\tilde{q}$ $\tilde{Q}$




$=$ $\mathrm{t}\mathrm{r}(\tilde{Q}\tilde{C})$ $=$ $\mathrm{t}\mathrm{r}(QC)$
$=. \sum_{1\leq|\leq j\leq l(B)}q_{j}.\cdot \mathrm{q}_{j}$
.
. .
Proposition B. Suppose $B\mathrm{m}\mathrm{d}\tilde{B}$ are RiMd $\eta \mathrm{u}\mathrm{i}\mathrm{v}\mathrm{d}\mathrm{e}\mathrm{n}\mathrm{t}$ . Then $B$ is $q$-sharp if and only
if $\tilde{B}$ is $\tilde{\varphi}$sharp.
ffimark 1. mple 1
$Q=(\begin{array}{ll}\mathrm{l} -1/2-1/2 1\end{array})$ , $\tilde{Q}=(\begin{array}{ll}1 -3/2-3/2 3\end{array})$ , $V=(\begin{array}{l}01-2-1\end{array})$ ,
$\tilde{C}=V^{T}CV,\tilde{Q}:=V^{-1}Q(V^{-1})^{T}$ . $V^{-1}$ , A2
$G_{2}$ p.d.i.q.f. $\mathrm{Z}$-\Re ui ent .
Example 2. Let $B$ be apblock with cyclic defect group $P$, then $B$ is $q$-sharp for some
p.d.i.q.f. $q$.
Pmof. Richard, Linkelmann cyclic blodc $B$ , $N_{G}(P)$ Brauer
$\tilde{B}$ Rickard equivalent . $\tilde{B}$ Brauer tree exeptional
vertex , Cartan $m$ troe multiplicity
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$\tilde{C}=\{\begin{array}{llll} \end{array})$ and $k(\tilde{B})=l(\tilde{B})+m$
. $(A_{l})$ $(**)$ , $\tilde{B}$ $A\iota$-sharp
. Proposition $\mathrm{B}$ $B$ $q$ $\varphi \mathrm{s}\mathrm{h}\mathrm{a}\mathrm{I}\mathrm{p}$ .
Remark 2. $p$-block $B$ $q$ q–sharp .
$G=S_{4}\cross C_{2},$ $H=\mathrm{G}\mathrm{L}(2,3),$ $p=2,$ $B=B_{0}(G),\tilde{B}=B_{0}(H)$ . $C_{2}$
cyclic group of order 2, $B_{0}(G)$ , $B_{0}(H)$ $G,$ $H$ principal pblock
. $l(B)=l(\tilde{B})=2$ Cartan
$C=\tilde{C}=(\begin{array}{ll}8 44 6\end{array})$ , (sae Example2.7 in [9]) . $k(B)=10,$ $k(\tilde{B})=8$
, $\tilde{B}$ p.d.i.q.f. $q$ $q$-sharp . $B$ $A_{2}$-sharp .
5Graphical form $F(2,2)$
[10] p.12 weakly poeitive graphical form ,
$F(2,2)$ .
$F(2,2)$ : ( -, $+$ ) : $q=X_{\omega}^{2}+. \cdot\sum_{=1}^{4}X^{2}\dot{.}-\tilde{.}\sum_{=1}^{4}X_{\omega}X\acute{.}+X_{1}X_{2}$.
$l(B)=5$ pblodc $B$
$(F(2,2))$ $k(B) \leq\dot{.}\sum_{=1}^{5}c_{*}..\cdot-\dot{.}\sum_{=2}^{5}c_{1:}+\infty$
. [10] $F(2,2)$ $D_{5}$ &quivalent , $F(2,2)$
positive definite .
Example 3. (1) $G=D_{8}\cdot E_{9}$ (i.e. the semidirect product of a dihedral group of order 8
with an elementary abelian group of order 9, for $p=3,$ $B=B_{0}(G)$ :
$|G|=72,$ $C=\{\begin{array}{lllll}5 2 2 2 22 3 0 1 12 0 3 1 12 1 1 3 02 1 1 0 3\end{array}),$ $k(B)=9=5+3+3+3+3-2-2-2-2+0$
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$B$ $F(2,2)$-sharp, $D_{5}$-sharp . $\ovalbox{\tt\small REJECT} 4_{5}$-sharp
(2) $G=A\Gamma L(1,8)\simeq Fr_{21}\cdot R$ of order 168, for $p=2$ (the affine semffinear group),
$B=B_{0}(G)$ :
$C=\{\begin{array}{lllll}4 1 1 \mathrm{l} 31 2 0 0 1\mathrm{l} 0 2 0 11 0 0 2 \mathrm{l}3 \mathrm{l} \mathrm{l} \mathrm{l} 4\end{array}),$ $k(B)=8=4+2+2+2+4-1-1-1-3+0$
$F(2,2)$-sharp . $D_{5}$-sharp . $A_{5}$-sharp
.
D flnition 3. $x\in \mathrm{Z}^{l}$ $q(x)=1$ $q$ 1- $,vot$ .
Corollary B. In the situation of Theotem $A$, we have
$k(B)= \sum_{\lrcorner 1\leq:<\leq \mathrm{t}(B)}$.q
$f$ and only $|.f$ all $\mathrm{m}ws$ of the of $B$ are 1-roots of $q$ .
Example 4. $B$ simple Ree group $R(q)$ $p=2,B=B\mathrm{o}(G)$ . $P\simeq E_{8}$
$C=\{\begin{array}{lllll}8 4 4 4 34 4 2 2 24 2 4 2 24 2 2 4 23 2 2 2 2\end{array})$ , $k(B)=8$
(sae [8]). $B$ $D_{5}$-shaxp .
Emmple 5. $G$ Julko group $J_{1}$ , $B=B_{0}(G),p=2$ . $P\simeq E_{8}$ Cartan




decomposition $D_{5}$ 1-root . $B$ $F(2,2)-$
sharp . p.d.i.q.f. $q$ $B$ q–sharp .
$\tilde{G}=N_{G}(P)\simeq A\Gamma L(1,8)$ Example 3(2) $B$ Brauer $\tilde{B}$ $F(2,2)$-sharp
. Brou\’e ([3]) $B$ $\tilde{B}$ perfectly isometric Proposition $\mathrm{B}$
$B$ p.d.i.q.f. $q$ $q$-sharp .
Remark 3. Example 5 Okuyama $B$ $\tilde{B}$ Rickard equivalent
. , Koshitani-Miyachi [6] $G=\mathrm{G}\mathrm{L}(4,q),p=3,q\equiv$
$2,5(\mathrm{m}\mathrm{o}\mathrm{d} 9),$ $B=B_{0}(G)$ $N_{G}(P)\simeq D\epsilon\cdot R$ $q$-sharp . Kunugi [7]
$G=\mathrm{P}\mathrm{S}\mathrm{L}(3, q)$ , $p=3,q\equiv 4,7(\mathrm{m}\mathrm{o}\mathrm{d} 9),B=B_{0}(G)$ $q$-sharp .
sharp , (A), (DJ), $(F(2,2))$ sharp
[10] $(F(3))$ sharp , HalkJanko
$G=J_{2},p=5,$ $B=B\mathrm{o}(G)$ . $N_{G}(P)\simeq D_{12}\cdot \mathrm{a}_{5}$ $B$ Brauer
$\tilde{B}$ $l(B)=l(\tilde{B})=6$ $\tilde{B}$ $F(3)$-sharp . $B$ $\tilde{B}$ Rouqier ([11])
perfect isometric , $B$ $q$-sharp . Holloway
derived equivalent .
Remark 4. (see[10]). $q$ weakly positive integral unit form (i.e. $q\dot{\ldots}=1$
for all $i=1,2,$ $\cdots,$ $l$) .
(1)(Drozd) $q$ R $\text{ }$ poeitive1-roots .
(2) (Ovsienko) $q$ posifive 1-root $(z_{1}, \cdots,z_{l})$ , $4\leq 6$ for all $i=1,$ $\cdots,l$
. , $B$ weakly positive integral unit form $q$ $q$-sharp ,
$\leq 6$ .
Remark 5. Theorem A group algebra $C=D^{T}D$ mlgebra
. oellular algebra (see [5]).
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